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ON STABILITY OF SYSTEMS OF GYROSCOPIC STABILIZATION
IN THE PRESENCE OF PERTURBATIONS *

L. K KUZ'MINA

Systems of gyroscopic stabilization regarded here as the electromechanical systems,
are considered, with some of the real properties of their elements taken into acc-
ount. In /1/ the author dealt with the problem of stability of a steady motion of
a system of gyroscopic stabilization under parametric perturbations. It is however
important that the problem of stability when the pertrubations are continuous is
also considered. Using the results of /1/, it can be assumed that small (in a well
defined sense) perturbations acting over the electric generalized coordinates and
over a part of the mechanical generalized coordinates, should not upset the stabil-
ity (i.e. they are not significant). This assumption, which requires additional
study, is proved in the present paper.

1. We shall consider a system of gyroscopic stabilization using, as in /1/, an electro-
mechanical system on a fixed support as its model. The differential equations of perturbed
motion obtained in /1/ have, in the case of the present model, the form

P Ll °- ey =Qp -+ Q-+ DOy (1.1)
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Here @, = @, (Upss Gy 95+ and @p = @p(qy, 9y 19z 2) are, respectively, r-and u-dimensional vector
functions characterizing constantly acting perturbations, and the remaining symbols are those
used in /1/. We assume the functions ®,, and ®@; to be such, that a unique solution of (1.1)
exists at every point of the region in question.

The zero solution of the system (l.1) without perturbations determines a steady motion,
and we shall study its stability. We shall further assume that the perturbations acting on
the system lead to the appearance of perturbing forces only with respect to some of the vari-
ables. Let us assume that the first m components of the vector ®, are equal to zero, i.e. [\
= 0. We shall call the system of differential equations (l.1l) (under the assumptions made above
about the vector o,) the perturbed system, and a system of equations obtained from (l.l) when
®,=0 and @p=0 the unperturbed system and denote it by (1.1').

We introduce new variables by means of a nonsingular uniformly regular transformation /1/

= H\‘IIM + 5 ) Gpp Xy = aq}w x,=Lqg", X=¢q; X;=0q,
Equations (1.1) in new variables become

dz dx (1.2)
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Here z and x are m- and (2r 4 u — m) —-dimensional vectors Z= Px,, X =yx where P =|fj(z, x)}J and
y=1y:s(z x)|] are the mxn and @n+u— m) X (2n + u — m) matrices respectively. The unperturbed
system (1.1') will have, in the new variables, a corresponding system (1.2') obtained from
(1.2) by setting @®=0.

We shall call the wvariable x the basic and variable 1z the critical, and
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consider the problem of stability of the null solution of the unperturbed system under const-
antly acting perturbations with respect to some of the variables {(with respect to the basic
variable). We note that for the system in question a {Liapunov /2/) critical case of m zero
roots exists.

2. Let us make the assumption usually made in the course of solving the problems of stab-
ility under constantly acting perturbations /3,4/, that the perturbations are small: |[&|<p
where p>-0 is small. Then the following theorem holds.

Theorem 1, If P in the system (1.2) is a stable matrix, then for any given ;>( numbers
1 and p greater than zerc can be found such, that for any solution of the system (1.2) with
initial conditions
fzdi<m fxti<n
for all t>14 , the inequalities )
lzj<e, fxfi<e
will hold for any values of ® satisfying, in the region in question, the relations

1oi<e {(2.1)

Proof, Let e>0 be given. Consider the sclution of the equation

dx/di= Px - X (¢, (1), )1 D L) ¥ (2.2)
obtained from the equation of the system (1.2) for the basic variable, by making the substitu-
tion 2= {(t) where §() is an arbitrary continuous function with values belonging to the region
in question. We also assume that

1Sl <m lIxdi<m vLn<le

fEmli<e telinthl]
The inequality fx{f]<e continues to hold for the values of ¢ near to ¢, by virtue of the
continuity. Let [x(,)f=¢ at some instant of time 1 « 4, and let

IXET e (2.3

for it tyl where y,—0 as &-0, We note that by virtue of the condition of the theorem,
gelp < D™ where p and g > 0 are constants. In this case the following relation holds for
any solution of (2.2) with initial conditions & and =0 /5,6/:
1] +
DX g D0 { pesi=T X jae ”\'J“*T’mdr n (2.4)
Ta Iy !
Using the relations (2.1), (2.3) and (2.4), we write the following estimate for z(ty') 2
Ix@& Y l<nD+ Dyel/a-+ Dpla
Selecting n<e/@D), Dy/a< VY, Dpla<e/4, we obtain
Ix )< e<e .
which is a contradiction. Therefore [x(lj<e for all ¢ for which [E@I<e
Let us now consider the equation
dejdi=12
Integrating this equation and remembering that the right hand part in the old variables has the
form . .
®{Qp g ) Iy

where x L $78 qy) 1s a m X rn matrix, we obtain
£

Dl iz 14| § % an @ au @) day 0 (2.5)
to
Consider the solution of the perturbed system (1.2)
Xx=x(), z=2z()

with initial conditions |x(t)f<<mlz )< 0<n<e. By virtue of the continuity, the inequal-
ity lz())<e will still hold for the instances of time t neat t,. Let the following relation
hold at some instant of time i, :

fz (t)ff=¢ (2.6)
In accordance with the previous arguments we have, for e, tl,

Ix@m)<e
The following inequalities will hold for the above values of t by virtue of the variable trans-
Formation: lad<e (=100 101<e @ (=2 3 %] <% ©

where g and % —- 0 as e- 0. Keeping this in mind, we can use (2.5) to obtain the estimate
Iz (gl <m + % Me
where M is a constant independent of e.
When n<{e/3, M <Yy we have [z (t) < ¥3¢ <e which contradicts the assumption (2.6). Thus
if n< minle/ (4D), e/ 3], p< ae/ (4D), then we have |z <e x| <e for all i1y .

3. Let the perturbations no longer be small, but be bounded functions satisfying the
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conditions /7/ T

10]< K, SO(r,§,E)dr=, T3>0 (3.1)
4

Ny

for any fixed values x=x and z=

Theorem 2., If Pis a stable matrix in the system (1.2), then for any given value of
e >0 numbers n and 7, greater than zero can be found such, that for any solution of the syst-
em (1.2) with initial conditions

Iz ) I <m Ix ()] <n
the inequalities o
fzl<e Ix]<e

will hold for all t>1t and for any ® satisfying the conditions (3.1), provided that T < T,

Proof. Repeating the previous arguments, we obtain the estimate (2.4) for the solution
of (2.2). Remembering that

t
Pt g P dr ” < KT

o

we obtain from (2.4), in the present case,
|x (") j<<nmD -+ Dye/a + KT
For n<e/(@4D), Dy/a<<Y, T<<el/(4K) » we have |x(y)|<% e<e

Repeating the remaining arguments we find that of n<{min (e/3, e/ (4D)), T < T, = ¢/ (4K), then [x|<
g |z <e for all >4, The theorem is proved.

l}, We note that under the conditions of the theorem the null solution of the unperturbed
system (1.2') is stable, but not asymptotically stable /2/. The results obtained imply that
perturbations acting constantly with respect to the basic variable (small perturbations or
those satisfying the conditions (3.1)) do not affect this stability (in the sense of the state-
ment of the theorem).

Returning to the original variable, we obtain

Theorem 3. If, apart from m zero roots, all remaining roots of the characteristic equa-
tion of the first approximation to the unperturbed system (1.1') have negative real parts,then,
for any arbitrarily small &>0, numbers n and p (or n and T, exist such that for any solu-
tion of the system (1l.1) with initial conditions

[y << 1y ) I<<ny DlgE ()] <In
and for all t>t, the ineqgualities
“q;\]”<8v “qm.}f<€v ”qu‘<p
will hold for any a,,, ®, satisfying the conditions of the type (2.1) (or 3.1).

It follows therefore that perturbations of the type discussed above, acting constantly
over some of the generalized coordinates (over the mechanical coordinates q; and q, and the
electrical coordinates q;) do not affect the stability of the steady motion of the system of
gyroscopic stabilization.

Note. 1t follows that for the model of the system of gyroscopic stabilization consider-
ed above, small or high frequency periodic perturbations acting, e.g. along the stabilization
axes and in electric circuits, are insignificant from the point of view of their effect on the
stability of the steady motion. The result remains valid in particular cases when the electric
circuits of the servo systems are assumed inertialess and when the characteristic kinetic mom-
ents of the gyroscope are constant.

The results obtained imply, in particular, that for the mathematical model of the gyro-
stabilizer used here and in the cases when the amplitudes of the harmonic perturbing moments
are small or their frequencies high, all generalized velocities gq,  and qg and the mechanical
generalized coordinates q;; remain small during the whole period of motion of the system.
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